For one class of hyperbolic systems of second order, we consider multidimensional versions of the Darboux problem in conic domains. A priori estimates of solutions of these problems are obtained. The existence of a solution of the Darboux problems is proved under the supplementary conditions imposed on the coefficients of the system, when the data support of the problem is of temporary type.
Statement of the problem
In the Euclidean space R n+1 of the variables x = (x 1 ,...,x n ) and t we consider a system of linear differential equations of the kind where A i j (A i j = A ji ), B i , and C are given real (m × m)-matrices, F is a given and u is an unknown m-dimensional real vector, n ≥ 2, m > 1. Below, the matrices A i j will be assumed to be symmetric and constant, and for any m-dimensional real vectors η i , i = 1,...,n, we have the inequality .4) is completely free from the boundary conditions. Below we will see that for the problem (1.1), (1.3), (1.4) to be correct, we must choose the number κ i in a well-defined way, depending on the geometric properties of the hypersurface S i . It will be assumed that the elements of the matrices B i and C in the system (1.1) are bounded, measurable functions in the domain D τ0 , and the right-hand side of that system F ∈ L 2 (D τ0 ).
Note that a particular case of the problem (1.1), (1.3), (1.4) is the Cauchy characteristic problem (or the Goursat problem with data support on a characteristic conoid) [7, 9, 18, 24] and also multidimensional analogues of the first and the second Darboux problems [1, 2, 5, 13, 14, 15, 21, 22, 23, 25] . In the case of a second-order hyperbolic system with the same principal part the question on the unique solvability of Goursat problem with data on a characteristic conoid has been investigated in [6] . In [3, 4] we can find general statement of characteristic problems for second-order hyperbolic systems, as well as examples of systems for which the corresponding homogeneous characteristic problem has nontrivial solutions (a finite set of linearly independent solutions in one cases and an infinite set of these solutions in other cases). The works [11, 12] are worth noticing in which the problem (1.1), (1.3) is considered for the case when the conic hypersurface S 0 is of temporary type. The same problem in a dihedral angle of temporary type has been considered in [16] . By virtue of the condition (1.2), the symmetric matrix
..,0)} is positive definite. Therefore there exists an orthogonal matrix T = T(ξ ) such that the matrix T −1 (ξ )Q(ξ )T(ξ ) is diagonal, and its elements µ 1 ,...,µ m on the diagonal are positive, that is,
Note that without restriction of generality we may assume that λ m (ξ ) ≥ ··· ≥ λ 1 (ξ ) > 0 ∀ξ ∈ R n \ {(0, ...,0)}. Below it will be assumed that the multiplicities 1 ,..., s of these values do not depend on ξ , and we put
Note that according to (2.1) and owing to the continuous dependence of roots of the characteristic polynomial of a symmetric matrix on its elements, λ 1 (ξ ),...,λ s (ξ ) are continuous homogeneous functions of degree 1 [10, page 434] .
It is easily seen that the roots with respect to ξ n+1 of the characteristic polynomial det(Eξ 2 n+1 − Q(ξ )) of the system (1.1) are the numbers ξ n+1 = ±λ i (ξ 1 ,...,ξ n ), i = 1,...,s, with the multiplicities k 1 ,...,k s , where E is the unit (m × m)-matrix. Therefore the cone of normals
of the system (1.1) consists of its separate connected components
Since for the unit vector of outer normal α = (α 1 ,...,α n ,α n+1 ) at the points of the cone S different from its vertex O(0,...,0), we have
with
According to our supposition, the smooth conic hypersurface S i for 1 ≤ i ≤ k 1 is a characteristic one. Therefore, taking into account that S i ⊂ S 0 ⊂ S and the inequality (2.5) is fulfilled, for some index m i , 1 ≤ m i ≤ s, we have 
Without restriction of generality we assume that m 1 ≤ ··· ≤ m k1 and n k1+1 ≤ ··· ≤ n k1+k2 .
By Q 0 (ξ) = Eξ 2 n+1 − Q(ξ ) we denote the characteristic matrix of the system (1.1) and consider the problem on reduction of the quadratic form (Q 0 (ξ)η,η) to the canonic form, when ξ = α is the unit vector of the normal to the hypersurface
outer with respect to the domain D τ0 . Here η ∈ R m and (·,·) denotes the scalar product in the Euclidean space R m .
As far as
for η = Tζ, we have
(2.9)
, by virtue of (2.1), we have
(2.10)
, by the definition of the domain G ni it follows from (2.1) that for n i ≤ s
..,s, and for n i = s + 1, 12) where (def) mi is the defect of that form, and κ
, by virtue of (2.9) and (2.11), we have
and κ + i = 0 for n i = 1. If now ζ = C i η is any nondegenerated linear transformation reducing the quadratic form (Q 0 (α)η,η) in case (2.12) and (2.13) to the canonic form, then owing to the invariance of indices of inertia of a quadratic form with respect to nondegenerated linear transformations, we have
(2.14)
Here
(2.15)
According to (2.15) , in the boundary conditions (1.4) we take as the matrix Γ i the matrix of the order (κ i × m), where
where
Below it will be assumed that in the boundary conditions (1.4) the elements Γ 
) be a solution of the problem (1.1), (1.3), (1.4). Multiplying both parts of the system of (1.1) scalarly by the vector 2u t and integrating the obtained expression with respect to D τ , 0 < τ ≤ τ 0 , we obtain
A i j u t u xj α i ds
A i j u xi u xj dx
is an inner differential operator on the conic hypersurface S 0 , according to (1.3) and the boundedness of |α
On the other hand, by virtue of (2.14), (2.15), (2.16), and (1.4), (2.5), we get
Si∩{t≤τ}
3)
Then by the boundedness and measurability of elements of the matrices B i and C in the system (1.1), as well as by (3.1), (3.2), and (3.3), we obtain
Here and in what follows, all the encountered values c i , i ≥ 1, are positive constants, independent of u.
Let (x,τ x ) be the point of intersection of the conic hypersurface S and the line parallel to the t-axis and passing through the point (x,0). We have
whence with regard for (1.3) we find that
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Introduce the notation
Summing up the inequalities (3.5) and (3.7), we arrive at
from which by Gronwall's lemma we find that
Integrating both parts of the inequality (3.10) with respect to τ, we can easily get the following a priori estimate for the solution
with a positive constant c independent of u.
Here we introduce the notion of a strong generalized solution of the problem (1.1), 
Below we will prove the existence of a strong generalized solution of the problem (1.1), (1.3), (1.4) of the class W 1 2 in case the conic hypersurface S 0 is of temporary type, that is, when the characteristic matrix of the system (1.1) is negative definite on S 0 \ 0. The latter can be written as follows:
where the vector α = (α 1 ,...,α n ,α n+1 ) is the outer unit normal to the cone S 0 at the points different from its vertex 0.
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In the case of the inequality (3.13), by virtue of (2.12), (2.13), (2.14), (2.15), and (2.16) and by our choice of matrices Γ i , i = 1,...,k 1 + k 2 , the numbers in (1.4) (3.14)
Note that in [11] we have elucidated the geometric meaning of the condition (3.13), and for the solution u ∈ W 2 2 (D τ ) of the problem (1.1), (1.3) in that case we have obtained the a priori estimate (3.14), although in the above-mentioned work we have not proved the existence of a strong generalized solution of the problem (1.1), (1.3) of the class W 1 2 whose uniqueness follows directly from the estimate (3.14). Let us consider the problem on the solvability of the above-mentioned problem, when the conic hypersurface S 0 is of temporal type. For the sake of simplicity we restrict ourselves to the case where the boundary condition (1.3) is homogeneous, that is,
After the change of variables
with respect to the unknown vector function v(y,z) = u(zy,z), the system (1.1) takes the form
By G we denote an n-dimensional domain which is the intersection of the conic domain D : t > |x|g(x/|x|) and the hyperplane t = 1 in which the variable x is replaced by y. Obviously, ∂G = {y ∈ R n : 1 = |y|g(y/|y|)}. Under the transformation (x,t) → (y,z) in accordance with (4.2), the domain D τ transforms into the cylindrical domain Under the assumption that (0, ...,0) ∈ G and diamG is sufficiently small, by virtue of (1.2) and (4.4), for any m-dimensional real vectors η i , i = 1,...,n, the inequality n i, j=1
is valid.
If ν = (ν 1 ,...,ν n ,ν n+1 ) is the unit vector of the outer normal to the boundary ∂Ω τ0 of the cylinder Ω τ0 at the points (y,z), where it exists, then taking into account (4.6) we can easily see that
Multiplying both parts of the system (4.3) scalarly by the vector 2v z and integrating the obtained expression with respect to Ω τ , δ < τ ≤ τ 0 , with regard for (4.4), (4.5), (4.6), and (4.8) we obtain 
holds. Denoting
due to (4.7), (4.9), and (4.10) we have 558 BVPs of hyperbolic systems in conic domains
(4.14)
Taking into account (4.14), from (4.12), we have
where c i (δ) = const > 0, i = 3,4. This, on the basis of Gronwall's lemma, enables one to conclude that (4.20) in which the coefficients C N k (z) are defined from the following relations: 
As is known (see [17, page 214]), the system (4.21) has a unique solution which satisfies the initial conditions (4.22), as well as the condition (4.23) by (4.18), where τ 0 ) ). Let us now show that for v = v N the estimates (4.16) and (4.17) are valid. Indeed, multiplying each of the inequalities (4.21) by the corresponding (d/dz)C N (z) and summing up with respect to from 1 to N, we obtain the equality
which after integration with respect to z from 0 to τ 0 , with regard for (4.23) and further transformations allow us to derive the inequalities (4.16) and (4.17) . Note that by (4.23) it becomes obvious that
Thus the estimate Let us now show that v is a weak generalized solution of the system (4.3), that is, the identity We multiply by (d 2 /dz 2 )C N (z) the expression obtained after differentiation of the equality (4.21) with respect to z and then sum with respect to from 1 to N. As a result we obtain
It can be easily verified that 
